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SOLUTION TO PUZZLE NUMBER 2

All data are taken from Yamguchi (1) except the weight and dimensions of the child, which are taken from CDC (2), and the 
crush, which is estimated from photographs of actual rollovers (refs 3, 4).

Referring to Figure 1, the original figure is from Yamaguchi (1). The ground level after impact and the occupant figure on 
the outside of the rotation have been added. The occupant figure given by Yamaghuchi is for an adult but the center of 
gravity of the child has been taken in the same place, due to the elevation provided by the booster seat. The dimensions of the 
occupants have been adjusted in the calculations however, to correspond to those of a four year old child. 

Figure 1

The vehicle considered by Yamaguchi is somewhat unusual in that the width of the roof is considerably less than that of the 
base. As a result, the vehicle rotates 130o before impact. According to the FARS data base, most fatal rollovers involve 
SUV’s or vans, where the roof width is closer to the width of the base. In those cases the rotation before impact would be 
closer to 90o and the force components into the neck of the child would be greater, while those down on the shoulder would 
be less. 

For those not familiar with rollovers, when the vertical component of the centrifugal force due to the rotation exceeds the 
weight of the vehicle, the vehicle will become airborne. This is known as a “vault”. The reason this is possible is that the 
centrifugal force of the roll, not to be confused with the centrifugal force due to the path of the vehicle, may be become 
greater than the weight of the vehicle while the vertical component of that force will still be less. As the angle of rotation 
increases, the vertical component increases, reaching a maximum when the angle is 90 degrees. At some point, therefore, the 
vertical component of the centrifugal force may exceed the weight of the vehicle.

In the present case, the vehicle becomes airborne at 90 degrees (Figures 2, 3 and 4). The vehicle has only rotated 50o at this 

file:///D|/safetychoice/puzzle2.html (1 of 7)10/7/07 10:48:48 PM



file:///D|/safetychoice/puzzle2.html

point, but the center of gravity is directly above the axis of rotation. Thus, the centrifugal force is vertical; that is, 
perpendicular to the ground, and hence the vertical component of the force is equal to the total force. Once the vehicle 
becomes airborne, the axis of rotation shifts from the bottom of the tires on the right side of the vehicle (in the present case) 
to the center of gravity. The horizontal component of the velocity of the center of gravity is conserved, while the vertical 
component experiences a downward acceleration of 32.2 feet per second squared. In addition, the angular momentum is 
conserved, so that the rate of rotation about the cg remains constant until the roof edge strikes the ground. 

Figure 2
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Figure 3
Figure 4

 

The velocity vector at each point in the vehicle will be the vector sum of the velocity of the center of gravity plus the velocity 
of the point relative to the center of gravity. Thus the velocity vector of the center of gravity of the child, whether sitting on 
the inside or the outside of the rotation, may be determined (Figure 5). When the roof edge strikes the ground, the component 
of the velocity vector in the direction of the point of impact must go to zero, since no more motion in that direction is 
possible. There will, therefore, be a force on the child in that direction. The magnitude that force will depend on how fast that 
component of the velocity vector goes to zero, in accordance with Newton’s second law of motion. That, in turn, depends on 
the extent to which the vehicle is stove in at the point of impact. If there were no crush, and the child was firmly connected to 
the vehicle, the force would be infinite. 

We may estimate the degree of crush on impact from photographs of actual rollover accidents, as shown in our picture 
gallery, elsewhere on this web-site, as well as the photographs of Larsen (4). It is important to bear in mind that the crush on 
impact is not the final crush, since the roof will be stove in as the vehicle continues to rotate. From an assumed impact crush 
we may calculate the resulting force on the body shell, which gives an additional check on the validity of the assumption. 
Based on these considerations, we have taken the impact crush as 6 inches in the present case. After the impact crush, the 
impact point become the new center of rotation. That is, the axis of rotation shifts from the center of gravity to the impact 
point, P'. 

Since the width of the vehicle at the base is not given, we estimate it to be 6 feet, from the cross-section shown in Figure 1.  
From the figure it follows that the distance from the initial axis of rotation to the center of gravity of the vehicle is 3.39 feet. 
From figure 4 we find that the angular velocity at impact is 4.89 radians per second, giving us a linear velocity of 16.58 fps 
for the center of gravity parallel to the ground. The vehicle is airborne for 0.25 seconds (figure 4) so that for a downward 
acceleration of 32 feet per second squared, the downward velocity component of the cg is 8 feet per second at impact. The 
vector sum gives a velocity of 18.4 feet per second of the cg at impact. To get the velocity of the impact point we have to add 
the velocity due to the rotation about the cg. From Figure 1, the distance from the cg to the impact point is 3.16 feet and 
hence the rotational velocity is 3.16 x 4.89 =15.47 fps. Taking the vector sum of the translational and rotational velocities we 
find that the velocity of the impact point at impact is 11.91 fps.(figure 2). For a crush of 6 inches, the time it takes for the 
velocity at P' to go to zero is 0.084 seconds:
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Let s be the displacement of the point P', V the velocity, t the time and a the deceleration. Then

The easiest way to calculate the velocity vectors for the children in the booster seats is graphically. This is certainly not 
precise but it is accurate enough for our purposes. Using this method (figure5) we find that the velocity of the cg of the 
outside child at impact is 26.77 fps and the vector change in the velocity is 12.57 fps at an angle of 48.5 degrees to vertical 
axis of the child. 
(Yamaguchi shows the occupants at an angle. This would be the position of the occupants when their necks abut the shoulder 
belt, since the belt may not be initially directly against the neck). The time to stop (the crush) is .084 seconds and hence the 
deceleration is 12.57/0.084 = 149.6 fps squared. The mass of the child is taken as 1.24 slugs (40 pounds), which is the 
average weight of children of that age (2). Thus, the force on the cg of the child on the outside of the rotation (the child on 
the left in the picture) is given by F = ma = 1.24 x 149.6 = 185.5 pounds. This is the total force on the child due to the 
impact. 

file:///D|/safetychoice/puzzle2.html (4 of 7)10/7/07 10:48:48 PM



file:///D|/safetychoice/puzzle2.html

Figure 5

For the child on the inside of the rotation (the child on the right in the picture), we find that the velocity change is 10.73 fps 
at an angle of 5 degrees to the vertical axis of the child;  hence, the deceleration is 10.73/.084 = 127.74 fps squared and F = 
1.24x127.74= 158.4 pounds.

The most common type of booster seat harness for children of that age is the X harness. Thus the force will be divided 
between the shoulder and the hip. Referring to the nomenclature of figure 6, F is the total force on the child due to the 
impact, F1 is the force of the belt at the shoulder, F2 is the force of the belt at the hip, l1 is the vertical distance from the 

center of gravity of the child to the neck, l2 is the vertical distance from the cg to the hip, β is the angle of the force vector at 

the cg relative to the direction perpendicular to the vetical axis of the child, β1 is the corresponding angle at the shoulder, x is 

the direction parallel to the shoulders (i.e., perpendicular to the neck), y is the direction along the neck (i.e., perpendicular to 
the shoulder) and M is the moment about the cg of the child. Notice that the belt at the hip is not able to support a vertical 
force.
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From figure 5, for the outside child we find β = 41.5 degrees, and for the inside child we find β = 85 degrees. Summing the 
forces in the x and y directions and the moments about the cg for each child, we get:

This gives us three equations in three unknows. We may most conveniently solve these equations by noting that
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These numbers neglect the whiplash effect on the head, which would make the x component of the forces slightly lower for 
the outside child, but would cause additional injuries to the neck. 
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